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Abstract. The main result is that, for any projective compact analytic subset Y of 
dimension g > in a reduced complex space X, there is a neighborhood of F such that, 
for any covering space T : X —> X in which Y = T~^(Y) has no noncompact connected 
analytic subsets of pure dimension q with only compact irreducible components, there 
exists a C°° exhaustion function (p on X which is strongly 5-convex on ft = T^^(f2) 
outside a uniform neighborhood of the q-dimcnsional compact irreducible components 
of F. 



Introduction 

According to the main result of [Fraj . for any projective compact analytic subset Y of 
dimension g > in a complex manifold X, there exists a neighborhood Q of Y in X such 
that, for any covering space T: X — > X in which Y = T^^{Y) has no compact irreducible 
components, there exists a C°° exhaustion function (p on X which is strongly g-convex 
on i7 = T^^(^7). The case n = 1 was obtained in [N] and |Co2j . and a similar result 
was first obtained in |Co-Vj for Y a fiber of a suitable proper holomorphic mapping (see 
also t-MiJ)- The main goal of this paper is a more general version in which X is only a 
reduced complex space and Y may have some compact irreducible components (but no 
infinite chains of g-dimensional compact irreducible components). 

Let fl be an open subset of a reduced complex space X and let g be a positive integer. 
A function on i7 is C°° strongly q-convex if, for each point p G fi, there is a proper 
holomorphic embedding $ of a neighborhood U of p in into an open set U' C and a 
function (f' G C°°{U') such that if' = (p on U and such that the Levi- form C{(p') has at 
most q — 1 nonpositive eigenvalues at each point. We also say that ip is of class SV°°{q) 
and we write ip G SV°°{q){VL). For g = 1, we also say that the function is C°° strictly 
plurisuhharmonic. 
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There does not seem to be a single best analogous notion of weak g-convexity. One 
natural analogue is the following. We will say that a function on is of class yV°°{q) if, 
for each point p & Q, there is a proper holomorphic embedding $ of a neighborhood U of 
p in fl into an open set U' C and a function ip' G C°°{U') such that ip' o = ip on U 
and such that the Levi-form C{ip') has at most q — 1 negative eigenvalues at each point. 
For g = 1, we also say that the function is C°° plurisubharmonic. 

Since every local embedding factors through the Zariski tangent space, it follows that, 
if € W^{q){Q) {SV°°{q){Q)), then, for every point p & Q and every local holomorphic 
model {U,^,U') with p & U, there is a neighborhood V of in U' and a function 
if' G (respectively, SV^{q){V')) with = o $ on ^-\V'). 

The main result of this paper is the following (see also the stronger version Theorem 1 7. II) . 

Theorem 0.1. Let X be a connected reduced complex space and let Y be a compact analytic 
subset of dimension q > in X . Assume that Y admits a projective embedding. Then there 
exists a neighborhood QofYinX and a discrete subset F o/R such that, for any connected 
covering space T: X ^ X in which Y = T^^{Y) has no noncompact connected analytic 
subsets of pure dimension q with only compact irreducible components, there exists a C°° 
exhaustion function (f on X which is of class VV°^(g) on = T~^(fi) and of class SV°°{q) 
onh\ip-\F). 

Remarks. 1. In place of Y being projective, we need only assume that Y admits a nowhere 
dense analytic subset S containing Kjing such that F \ 5 is Stein. 

2. In the proof for X a 2-dimensional complex manifold (and dimF = 1) in [N], the 
second author mistakenly only wrote the statement and proof for Galois coverings. In 
the 2-dimensional case, the statement and proof are easily modified to give the version 
for general coverings. In higher dimensions, more care must be taken in dealing with the 
singular set of Y (which need not be discrete). 

Acknowledgement. The authors would like to thank Cezar Joita and Mohan Ramachandran 
for very helpful conversations. 

1. The Zariski tangent space and Hermitian metrics 

In this section we recall notions of tangent vectors and Hermitian metrics on complex 
spaces. Throughout this section X (or (X, Ox)) will denote a reduced complex space. 

Analytic subsets. Unless otherwise indicated, by an analytic subset of X we will mean 
a properly embedded reduced analytic subspace A; that is, a closed subset which is locally 
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the zero set of a collection of holomorphic functions together with structure sheaf given by 
the restrictions of local holomorphic functions in X. We will denote the structure sheaf of 
A by Oa and the ideal sheaf by Ia- 

By a local holomorphic model (or simply a local model) in X we will mean a triple 
([/,$,[/'), where U is an open subset of X, U' is an open subset of for some N , and 
[/ ^ [/' is a holomorphic map which maps U isomorphically onto an analytic subset 
of some open subset of U' . Note that we do not require $ to be proper, but it will 
be convenient for our purposes to also have an open set U' containing ^{U) to which to 
refer. If $ is a proper embedding, then we will call (C/, $, U') a proper local holomorphic 
model (or simply a proper local model). Observe that, for ([/, $, U') to be a local model, 
we do require in general that $ properly embed U into some open subset of U' (i.e. the 
topology on U induced by U' agrees with the original topology on U). 

The Zciriski tangent lineeir space. For each point p & X, the vector space 

Ti'^X ^ (m,/mj)*, 

where trip is the maximal ideal in Ox at p, is called the Zariski tangent space at p. The 
Zariski tangent linear space 

Urwx ■■ r^'^X ^ U Ti'^^X ^ X 

has a natural reduced complex analytic linear space structure with the following local 
models. Given a proper local model ([/, U') in X with U' C C^, setting A — ^{U) we 
get the analytic subset 

B={we T^^^U' I z = n^{i)^,(w) e A and df{w) = for every / e {Ta)z } 

of T(i)f/' = T^'^U' = [/' X and a bijection T^^^U = T^^^X ^tWx~\U) B 
determined by 

dh{^,v) = v{[h o $ - /i($(p))]p) V/i e (C»civ)$(p), peU, ve T^^^U. 

For each point p E U, the map ($*)» = In-Wy- %^^^X ~^ {^{p)} ^ is an injective 
complex hnear map. The triple ([n-2-(i)^]~^([/), t/' x C^) is the proper local holomor- 
phic model in T^^^X corresponding to the proper local holomorphic model (U, U') in 
X. Observe that we may identify B with T^^^A and we get a commutative diagram of 
holomorphic maps 
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in which $ and are isomorphisms. Note that \It{i)x '■ T^^^X —>■ X need not be an open 
mapping if X is singular. 

We will denote by TX — [Jpi=x ^^e real analytic linear space associated to the 
complex analytic linear space T^^^X and by J: TX — > TX the corresponding complex 
structure. Wc may identify T^^^X ~ {TX, J) with the (1, 0) part T^'^X of the complexifi- 
cation of TX under the isomorphism v ^ ji''^ ~ \/^^Jv). 

Tangent mappings. A holomorphic mapping \& : X — > y of reduced complex spaces X 
and Y induces a holomorphic mapping : r(i)X ^ r(i)y such that, for each p G X, the 
restriction = Tp^^X 7^|^-|F is the linear map given by 

(**)p(^)([/]*{p)) = v{[f o *W e r;i)x, / e my,^(p). 

If is a function on T^^^y, then we denote the function Ro^^ on T^^^X by (instead 
of If (^*)p is injective for some point p E X, then the restriction of ^ to a 

small neighborhood U of p in X embeds U properly into some neighborhood of ^'(p) in Y. 
Moreover, is a (proper) embedding if and only if ^ is a (proper) embedding. Finally, 
given another holomorphic mapping ^: Y ^ Z to a reduced complex space Z, we have 
($o^')* = $*o**. 

Similarly, a C°° mapping M — > X of a real C°° manifold M into X induces a C°° 
tangent mapping ^f*: TM — > TX. For ^ a holomorphic mapping, the above mappings 
correspond under the isomorphism {TX, J) = T'^^^X. 

Embedding dimension. For each point p E X, there is a proper local holomorphic model 
^-.U^U'C T^^^X = on a neighborhood U p with *(p) = and {ji^^ = 

Ti^'^^{U) = {0} X C^. Furthermore, every holomorphic embedding of a neighborhood 
of p into a complex manifold factors into the composition with $ of an embedding of 
a neighborhood of 0. In other words, \i ^ : V ^ Y is b. holomorphic embedding of a 
neighborhood V <ZU oi p into a complex manifold Y and ^' is any holomorphic lifting of 
^ to a neighborhood V of in (i.e. : V ^Y \s a, holomorphic map with ^' o $ = v]/ 
on a neighborhood of p), then ^' embeds a neighborhood of G into a neighborhood 
of ^(p) in Y. In particular, d — dim7^*^^^X = embdim^X is the (minimal) embedding 
dimension of the complex analytic space germ at p determined by X. 
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The associated direct sum spaces. For a positive integer g, we will denote by T^'^^X 
the g-fold reduced fiber product space 

n^(„^ : T(^)X = T(i)X xn^^,,^ • ■ ■ Xn^,,,^ T^'^X ^ X. 

Thus, for each point p G X, 

iUrMx)~\p) = '^i'^^X = T^'^X X ■ ■ ■ X T^'^X = T^'^X © ■ ■ • © T^^'^X (g summands). 

If \[' : X — > y is a holomorphic mapping of reduced complex spaces, then, for every 
positive integer g, we define the holomorphic mapping (linear on fibers) : T^^^X ^ 
7'(9)y by (-y^^ . . . ^ t>g) [— > (\[f^t)i, . . . , "^^Vg). If i? is a function on T^'^^Y, then we define the 
function on T^^^X by = Ro ^1"^^ 

Hermitian metrics. A Hermitian metric (7 in X is a function g : T'^^^X — > C such 
that g Iq-^x is ^ Hermitian inner product for each point p G X. Equivalently (see, for 
example, |JNRj ). for each point p G X, there is a local model (f/, $, f/') in X with p E U 
and a (C°°) Hermitian metric (7' in U' such that \q-(2)ij= ^*g' ■ We will call g' a /oca/ 
representation for g. If \E' : F ^ X is a local holomorphic embedding, then we get a 
pullback Hermitian metric ^*g in Y . We will also write g \y= t*g = g fr(2)y foi' an 
inclusion 6: F C X. 

Remarks. 1. Since every local model in a neighborhood of a point p G X factors through 
in a neighborhood of p, with both factors embeddings, it follows that a local repre- 
sentation g' as above exists in a neighborhood of p in any local model. 
2. The Hermitian metric g also determines a Hermitian metric and an associated Riemann- 
ian metric in the isomorphic complex linear space (TX, J) . 

Distance in a complex space. Assume that X is connected and let g he a, Hermitian 
metric in X. Given a piecewise curve 7: [a, 6] — * X, we define the length of 'y with 
respect to g by 

J a 

Given two points, p, g G X, we define the distance between p and q with respect to g by 

distg(p, g) = inf { £3(7) | 7 is a piecewise C°° curve from p to g in X } . 

This distance is finite since such a piecewise C°° path connecting two given points always 
exists (for example, by the existence of a resolution of singularities). We have the following 
standard fact: 
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Proposition 1.1. Let X he connected and let g he a Hermitian metric in X . Then distg(-, ■) 
is a metric (in the sense of a distance function) in X which induces the given complex space 
topology in X. Furthermore, there exists a positive continuous function a on X such that, 
if P is any positive C°° function on X with (3 > a on the complement of some compact 
subset of X and h = (3 ■ g, then, for each point p E X, the function x ^ dist/i(a;,p) is an 
exhaustion function. In particular, dist/j is a complete metric. 

Proof. It is easy to see that dist^ is symmetric and nonnegative on X x X and zero on 
the diagonal. The triangle inequality is also easily verified. Given a point a e X, we may 
choose a proper local holomorphic model ([/, $, U') with a E U and a Hermitian metric 
g' on U' with ^*g' = g on U. Given a connected relatively compact neighborhood y of a 
in U, we may choose a connected relatively compact neighborhood V of $(a) in U' with 
= V. Let r = distg'($(a), t/' \ V) > 0. Given a point x e X\V and a piecewise 
path 7 in X from a to x, there is some t e (0, 1] with 7([0,t)) C V and 7(t) e dV. 
Thus £3(7) > ig' ($ (7 \[o,t])) > r. It follows that distg(a, ■) > on X \ {a} (since, for 
any given x & X \ {a}, we may choose such a neighborhood V not containing x) and 
Bg{a;r) C V. Thus dist^ is a metric inducing a topology which is finer than the given 
topology. 

For the reverse containment, let : X — > X be a resolution of singularities. Thus X 
is a smooth complex space with connected components is a surjective proper 

holomorphic map, the analytic set E — ^'"^(Xsing) is nowhere dense in X, maps X \ E 
isomorphically onto Xreg, and the distinct irreducible components of X are given by Xi — 
^'(Xi) for i e 7. We may also choose a Hermitian metric h on X, and we may let g be the 
Hermitian metric given by ^ = 'i/*g + h. Given a point a & X and a constant r > 0, we 
may choose a neighborhood U of the compact analytic set A — ^~^(a) in X such that, for 
each i e I , U f] Xi is contained in the r-neighborhood oi AdXi with respect to the metric 
distgf^ (in particular, U (1 Xi — $ ii Af] Xi — The set ^{U) contains a neighborhood 
y of a in X and, given a point x & U, we may choose a C°° path 7 in Xi for some i e 7 
with 7(0) e A, 7(1) = X, and ^^(7) < r. The path 7 = ^(7) from a to x — ^{x) then 
satisfies 



Thus a e y C ^(C/) C Bg{a; r) and hence the metric topology and the given topology are 
equal. 
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Finally, for the construction of the function «, we may assume without loss of generality 
that X is noncompact. We may choose a sequence of domains {Qy}^^Q in X such that 
X — [j'^^o^u and fl^-i <e for each u = 1,2,3,.... There then exists a continuous 
function a: X (1, oo) such that a > [distg{n^-i,X\Q^,)]-^ on X\n y-i for each 
u — 1,2,3,.... Suppose p e X, /3 is a positive C°° function on X with /? > a on the 
complement of some compact set X C X, and h = (3 ■ g. We may fix e N with 
{p} U K C ^fj.-i. Suppose R> and u > R + jj,. If 7 is a piecewise C°° path from p to a 
point X & X \fli,, then we have numbers 

< S/j, <tfj, < s^+i < i^+i < < < ■ ■ ■ < <U <1 

such that, ior j — II, . . . , u, we have 7((sj, tj)) C Jlj 7(sj) G and "y{tj) G 

Hence 

4(7)>5^ / |7WUt^^> 5^ [dist^(^--i,^\ |7Wlpt^^>i^-/^ + l>^- 

Thus -B/i(p; i?) C 1^1, (E X and hence the function x 1— > dist/i(a;,p) exhausts X. □ 
To close this section, we record two facts for later use. 

Lemma 1.2. Suppose X is connected, g is a Hermitian metric on X , and x 1-^ distg(a:,j9) 
is an exhaustion function on X for some (hence, for each) point p G X. Then we have the 
following: 

(a) For each point p E X and each constant R> 0, the set 

K(p, R) = { [a] G TTi {X, p) \ a is a piecewise C°° loop in X of length < R} 
is finite. 

(b) For every connected covering space T: X ^ X, x ^ dist g{x,p) is an exhaustion 
function for each point p G X, where g = T*g. In particular, dist •) is a complete 
metric on X. 

Proof. For the proof of (a), we fix a point p e X and number r > so small that, for 
each point a in the compact set D = Bg{p;R), the ball Bg{a;3r) is contained in some 
contractible open set. We may also choose points p — Pi,P2, ■ ■ ■ ,Pk G D such that the 
balls Bi — Bg{pi;r), . . . , Bk — Bg{pk] r) form a covering for D, a Lebesgue number 5 > 
for this covering with 5 < r, and a positive integer m such that R/m < S. For each pair 
of indices i,j, we may choose a piecewise C°° path Ajj = Aj/ from pi to pj such that 
ig{Xij) < dist g{pi,pj) + r. Now any piecewise C°° loop a of length < R based at p is 
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homotopic to a loop ai * 02 * ■ ■ ■ * (Xm in -D; where, for each = 1, . . . , m, is a picccwisc 
path of length < b and is, therefore, contained in Bi^ for some index iy. We may choose 
^1 = = 1- For each i/ = 2, . . . , m, we may choose a piecewise C°° path of length < r 
from ay-i{\) = cti,{0) to pi^_^. Thus a ~ 71 * • • • * 7m, where 71 = ai * p2, 7m = P™^ * «m, 
and, foT 1/ — 2, . . . ,m — l, 'ju = Pu^ *aiy* Pu+i- For each u = 2, . . . ,m, we have ig{jiy) < 3r. 
We also have a^iO) E Bi^_^ n 5,^, so ^g < dist g{pi,_^,PiS) + r < 3r. Therefore, 7^. 

is homotopic to Moreover, 71 is homotopic to the trivial loop at pi = p. Thus a is 

homotopic to the loop Xi^i^ * Xi^i^ * • • • * Xi^_^i^ and the claim follows. 

For the proof of (b), suppose T: X — > X is a connected covering space, g = T*g, 
p E X , R > 0, and {x^} is a sequence in X such that dist y{x^,p) < R for each v. We 
must show that {xi,} admits a convergent subsequence. Since {T{xi,)} C Bg{p;R) d X, 
we may assume that {T{xy)} converges to some point a E X. Fixing a contractible 
neighborhood U of a in X and a sufficiently small constant e > 0, we may also assume 
that {T(a;,^)} C Bg{a;e) <^ U. Therefore, by replacing R with R + e and each point x,^ 
with the unique point in T~^(a) lying in the same connected component of T~^{U) as Xi,, 
we may assume that T{x,y) — a for each u. For each there exists a piecewise C°° path 
7,^ of length < R from pto x^. Each of the homotopy classes [T(7j7^ * 7^,)] in tti{X, a) lies 
in the finite set K{a,2R), so the collection of terminal points {xy \ v = 1,2,3,...} of the 
hftings {7^ ^ * 7i/} must be a finite set. The claim now follows. □ 

Lemma 1.3. Let {X,g) be a connected reduced Hermitian complex space, let Y be a com- 
pact analytic subset of X, and let e > 0. Then there exists a constant 5 > such that, for 
every connected covering space T : X ^ X and for every pair of irreducible components 
A and B ofY ^ T-^{Y), we have dist g{A\ N{Ar\ B]e),B) > 5; where g = T*y. In 
particular, for A and B disjoint, we have dist g{A, B) > 5. 

Remark. If A C N{A nB;e), then we take dist ^(A \ N{A nB;e),B)^ dist ^(0, B) = 00. 

Proof. We may choose open sets {Vj}^^ in X and contractible open sets {Uj}^^^ in X 
such that Y C IJ^i such that, for each j = 1, . . . , m, we have Vj Uj. We may 

fix a Lebesgue number 77 > for the covering {V}}^^ of Y with respect to the metric 
distg(-, •). In other words, for each point p EY,we have Bg{p; rj) C Vj for some j. We may 
also choose 77 so that 77 < e. We may then choose 5 > so that 25 < 77 and so that, for each 
j — 1, . . . ,m, we have 2S < dist g{Vj H A \ N{A n B;r]), B) for every pair of irreducible 
components A and B oiY DUj. 
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Now suppose that T: X — > X is a connected covering space, g = T*g, A and B are 
irreducible components oi Y = T^^(y), and a G A and b G B with dist^(d,6) < 26. 
Setting a = T(d) and b = T(6), we then have b G Bg{a;26) C Bg{a;ri) C Vj for some j. 
Hence 

b e Bg{a; 26) C By{a; r]) C V C U, 

where U is the connected component of T~^{Uj) containing a (which T maps isomorphically 
onto Uj) and V = T~^{Vj)r\U . We have a G Aq and b G Bq for some irreducible components 
Aq of AnU and Bq of B f] U (and, therefore, of Y CiU). Since T maps U isomorphically 
onto Uj, the sets Aq = T(y4o) and Bq = T(i?o) are irreducible components of Y CiUj. Since 
dist g(a, b) < 26, the choice of 6 implies that a & Vj H AqH N{Aq fl Bq; rj). Hence we may 
choose a piecewise C°° path A of length less than rj in X with A(0) = a and A(l) G AoHBq. 
The lifting A with A(0) = a lies entirely in U and, therefore, A(l) G Aq f] Bq C A f] B . 
Hence dist g{d. An B) < i] < e and it follows that dist g{A \ N{A n B; e), B) > 26 > 6. □ 

2. Positive sums of eigenvalues of the Levi form 

Throughout this section X will denote a reduced complex space, g will denote a Her- 
mitian metric in X, and q will denote a positive integer. 

Definition 2.1. Let (/? be a real-valued function on an open subset Q of X. We will say 

that ip is of class W°°{g, q) {of class SV°^{g, q)) and write ip G W°°{g, q){^) (respectively, 
(p G SV°°{g, q){p)) if, for every analytic subset Y of an open subset of VL, every point p G F, 
every local holomorphic model {U, $, U') in Y with p & U, and every Hermitian metric (yf' 
in [/' with = (yf fy on f/, there exists a C°° function on a neighborhood V of $(p) 
in t/' such that ip' o ^ = (p on V = ^^^{V) C f/ and such that, for each point z G V, the 
trace of the restriction of the Levi-form C{ip') to any g-dimensional subspace of Tz^'^V with 
respect g' is nonnegative (respectively, positive); that is, for any ^f'-orthonormal collection 
of vectors ei, . . . , G Tz^^^V, we have 

£((/?') (cj, ej) > (respectively, > 0). 

i=l 

Clearly, >V°°(^,g) C W°°{q) and SV'^{g,q) C SV^iq). For manifolds, these classes 
of functions were first introduced by Grauert and Riemenschneider |GRj and have been 
applied by others in many different contexts. The definition is stated in the above (rather 
cumbersome) form in order to guarantee the above inclusions as well as to guarantee 
invariance under sums (by independence of the local representation) and restrictions to 
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analytic subsets. One weakness in the definition of }V°^{g, q) is tliat tlie local extension ip' is 
not assumed to be of class W°^{g', g); i.e. it is not assumed that (p' admits further extensions 
with Levi form satisfying the trace condition with respect to other local representations 
of g'. One could build the existence of such extensions into the definition (in fact, the 
functions produced in this paper will actually have such properties), but the above notion 
suffices for our purposes. For SV°°{g, q), the situation is much better. In fact, the following 
proposition provides an equivalent notion which is more easily checked (see, for example, 
jJNR] as well as [E], [Di], [Col], [J]): 

Proposition 2.2. A function (f on an open subset Q of X is of class SV°°{g,q) if and 
only if, for every point p ^ Q, there exist a local holomorphic model {U, $, U') in X with 
p E U G Q and a C°° function ip' on U' such that ip' o ^ = (f on U and such that, for each 
point X G U, the trace of the restriction of the pullback of the Levi-form $*£(</)') to any 
q- dimensional suhspace ofTx^^U with respect to g is positive. 

The analogous class in which the trace of the restriction of ^*C{ip') is only assumed to 
be nonnegative is considered in [JNR] . The authors do not know whether or not this gives 
the same class W°°((7,g). 

One also has the following global extension theorem of Richberg [Ri] (cf . Fritzsche [E] , 
Demailly [Di], Col^oiu [Col], Joita [J], and [JNR] ): 

Theorem 2.3. IfY is an analytic subset of X and (p G SV°°{g |~y,g)(F), then there exists 
a function ip of class SV^lg, q) on a neighborhood ofY in X such that ip = (p on Y . 

Combining this with modifications of the arguments of Greene and Wu ^GWj . De- 
mailly [Dej , and Ohsawa [O], one gets the following (see [JNR] ) : 

Theorem 2.4. Let Y be a (properly embedded) analytic subset of X of dimension < q with 
no compact irreducible components of dimension q. Then there exists a C°° exhaustion 
function ip on X which is of class SV^{g,q) on a neighborhood ofY. 

It will also be convenient to have the following easy lemma: 

Lemma 2.5. Let x be a function on an interval {a,b) in M with x' > and x" > 

and let ip be a function of class SV^{g,q) on an open set Q G X with values in {a,b). 
Then the function ip = x(v') has the following properties: 

(a) We haveipG W^{g,q){n). 

(b) lfx'>0, theniPeSV^{g,q){n). 
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(c) For any C°° function a with compact support in Q, there is a constant C = 
C{ip,a) > such that ip + a will be of class SV°^{g,q) on Q for any choice of 
X with x' > (and x" > 0^ on (a, b) and x' > C on (^(suppa). 

Remark. Most of the 'W°°{g, q) functions to be constructed in this paper will locally be 
expressible as sums of functions of the form = x{'^) ^ the above lemma. 

3. Q-CONVEXITY IN A COVERING OF A NEIGHBORHOOD OF A StEIN MANIFOLD 

In this section, we produce, in a covering, a function on a uniform neighborhood of the 
lifting of an embedded Stein manifold which is strongly g-convex near the lifting of a large 
compact set and equal to elsewhere. More precisely, we prove the following: 

Proposition 3.1. Let {X,g) be a connected reduced Hermitian complex space of bounded 
local embedding dimension; let Y be a connected Stein manifold of dimension q > which 
is properly embedded in X; and let Q, Jli, and be open subsets of X such that 

Q r\Y and Vlj fl Y for j = 1,2 are nonempty, connected, and relatively compact in Y; 
QnY = Q n Y ; and Qj (lY — flj fl Y for j = 1,2. Then there exists a connected 
neighborhood 6i ofY inX and a nonnegative C°° function a onQi satisfying the following. 

(a) We have 

(i) On Oi \ Qi, a = 0; 

(ii) On Oi n ^2; a > 0; 

(iii) On some neighborhood of Qi \ Q, a is of class 'W°°{g, q); and 

(iv) For B — {x & Qi \ a{x) > } D ©i fl a is of class SV°°{g, q) on a neigh- 
borhood of B\Q. 

(b) Suppose 0,3 and ft^ are open subsets of X such that 

and, for j = 3, 4, flj n y is connected and Oj HY — Oj fl Y. Suppose also 
that {i^u}i,^N ^ family of real-valued C°° functions with compact support in B. 
Then, for some connected neighborhood 02 of Y m ©i, for any family of suffi- 
ciently large positive constants {Rv}y(zi\j, for every connected infinite covering space 
T : X ^ X in which Y — T~^(Y) and T^^iVt^^ fl Y) are connected, and for ev- 
ery positive continuous function 9 on X, there is a nonnegative C°° function ccq 
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on ©2 = T ^(©2) such that, if = T ^(%) for j = 1,2,3,4, a = a o T , and 
B = T-\B), then 

(i) On ©2, ao > a; 

(ii) On ©2 \ ^3, "0 = a; 

(iii) For each point u E N, the function Ri,-ao+LJi,oT will be C°° strongly q-convex 
on B n ©2; and 

(iv) On ©2 n iii, "0 > 6*- 

Lemma 3.2. Let (X, g^) &e a Hermitian complex manifold, let Z be a (properly embedded) 
complex submanifold, and let a be a real-valued C°° function on X such that a \z is of class 
SV°°{g \z, q) on Z. Suppose p is a C°° function on X such that, for each point p & Z, 
we have p{p) — 0, {dp)p — 0, and C{p){v, v) > Q for each tangent vector v e T^'^X \ T^'^Z 
(in particular, C{p){v,v) > for each v e T^'^^X). Then there exists a positive continuous 
function Aq on Z such that, for every function A e C°°{X) with X> Xq on Z, the function 
(3 = a + X ■ p is of class SV^{g, q) on a neighborhood of Z in X (depending on the choice 
ofX). 

Proof. Suppose A is a positive C°° function on X and (3 = a -\- X ■ p. For each point p E Z 
and each tangent vector v e T^'^X, we have 

Cmv,v)^C{a){v,v) + X{p)-C{p){v,v)>C{a){v,v). 

Let Ex and Ez be the set of orthonormal g-frames in T^'^^X and T^^^Z, respectively. By 
the definition of SV°°{g, q) and continuity, there is a neighborhood W of Ez in T^'^^X such 
that 

J]£(q;)(^;,-,^;,) >0 y v ^ (v,, . . . ,Vg) e W. 

i=i 

On the other hand, for each (ei, . . . , e^) e {Ex \ W) fl [Ilq-(q)x]~^{Z), we have 

5]£(p)(e,,e,)>0. 

Therefore, if A grows sufficiently quickly at infinity on Z, then we will have 
J]£(/3)(e,-,e,) >0 V (ei, . . . , e,) e n [n^(.);,]-i(Z), 

and it follows that P will be of class SV°°{g, q) on a neighborhood of Z. □ 

Lemma 3.3. Let X be a Stein manifold and let Z be a (properly embedded) complex 
submanifold. Then there exists a nonnegative C°° plurisubharmonic function p on X such 
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that pijp) = and {dp)p = for each point p E Z and C{p){v,v) > for each nonzero 
tangent vector v G T^'^X \ T^'^Z . 

Proof. For each point p G X, Cartan's Theorem A provides holomorphic functions 

/«,...,/f-)Gi/°(X,J{rtuz) 
generating the ideal sheaf I{p}[jz at each point in a neighborhood Up of p in X . Setting 
fp = (^fp^\ . ■ . , fjT'^^^ , we see that, for any nonzero vector v G T^'^^Up, we have dfp{v) = 
if and only if G T^'^Z. Forming a countable cover {Up^} of X by such sets and choosing 
a sequence of positive numbers {e^} converging to sufficiently fast, we get the function 
p = J^^AfpA"^ with the required properties. □ 

As in ^Fraj . we will also apply the following theorem of Demailly [Dej (see Theorem 1.13 
of [NR]): 

Theorem 3.4. Let D be a connected closed noncompact subset of a Hermitian manifold 
{X,g), let U be a connected neighborhood of D in X, and let 9 be a positive continuous 
function on X. Then there exists a C°° subharmonic function a on X such that a = on 
X \ U, a > and Aa > on U, and a > 6 and Aa > 6 on D. 

Proof of Proposition \3.1[ We first prove the proposition for X a connected open subset of 
C" and Y closed in C". Let vr: A/" = [T^'^C" \y]IT^'^Y F be the normal bundle with 
the Hermitian metric h induced by the Euclidean metric. Then there exists a positive 
continuous function cr on F and a biholomorphism ^ : N ^ M oi the neighborhood 

N = {ieU\\i\H<a{n{m 
of the 0-section onto a connected neighborhood M of F in X such that \I/(Oj^) = y for 
each point y eY (see, for example, [FoR] ) . Setting A(t, a;) = At(a;) = \E'(t\E'^^(a;)) for each 
(t, x) G [0, 1] X M, we get a strong deformation retraction A: [0, 1] x M — M of M 
onto Y for which the map A^: M — > M is holomorphic for each t G [0, 1]. In particular, 
Aq : M — * y is a holomorphic submersion which is equal to the identity on Y . 

According to Lemma 13. 3[ there exists a nonnegative C°° plurisubharmonic function p 
on C" such that p{z) = and {dp)z = for each point z & Y and C{p){v, f ) > for each 
nonzero tangent vector v G T^'^C"- \ T^'^Y. 

Fixing a point p & Q (lY , applying Theorem 13.41 in the Hermitian manifold Y \ {p} to 
the connected relatively open set fii fl F \ {p} and the noncompact connected relatively 
closed set ^2 fl y \ {p} C Qi HY \ {p}, and patching with a positive C°° function near p 
in Q, we get a nonnegative C°° function /3 on y such that 



14 



M. FRABONI AND T. NAPIER 



dSUl) OnY\ni, p = 0; 
(02) OnniHY, p> 0; and 

dsns) On n F \ g, Agp > 0. 

We may now choose a constant 5 with < 36 < mm^^^Y P ^'^d open sets Ui and Qo iii 
such that 

1^1 D ?7i 3) 1^2, Q ^ Qo, P <S oiaY\ Ui, and > on l^i n F \ Qo- 

According to Lemma [321 if we fix a positive function A G C°°(r2i) which is constant on Ui 
and sufficiently large on Qi fl F, then the function /? o Aq + Ap will be of class SV°°{g, q) on 
a neighborhood of t/2 \ Qo for some neighborhood U2 of i^i fl F in fii fl M. Furthermore, 
choosing U2 sufficiently small, we get (3 o Kq + \p < 5 {> 35) on U2 \ Ui (respectively, on 
f/2 n ^2)- Therefore, choosing an open set U3 in X with Y \ Qi G U3 G U3 C M \ Ui; a 
function x: ^ [0,oo) such that x' > and x" > on M, xit) = ior t < 5, and 
x{t) = t — 26 for t > 36] and a connected neighborhood 0i of Y in U3U U2, we may define 
a C°° function a on 61 by setting a = on 9i \ f/2 and a = ° Aq + Ap) on 61 fl U2. 
It is now easy to verify that a has the properties described in (a) (using Lemma 12.51 to 
get (in)). 

For the construction of the neighborhood Q2 as in (b), we choose open sets Vi, V2, and V3 
in X such that Q3 3) Vi ^ V2 V3 W) Q4 and such that, for j = 1, 2, 3, V^- n F is connected 
and Vj r\Y = Vj (lY. If ao < cr is a sufficiently small positive continuous function Y, then 
the connected open set 62 = ^^(l ^ G A/" | \C,\h < (rQ{n{^)) }), will satisfy 

r c 62 c 62 c 61, Ao\V2 n F) n 62 c vs, and Ao(fi4 n 62) GV^nY. 

We may also choose a nonnegative C°° function 7 on C" such that supp7 C (^3 fl 0i, 
7 is C°° strictly plurisubharmonic on a neighborhood of V^i fl B2, and a + 7 is of class 
SV°°{g, q) on a neighborhood of 5 n 62 \ Q; where B = {x eQi \ a{x) > } D 61 n ^2- 

Suppose now that T : X ^ X is a connected infinite covering space in which Y = 
T~^(Y) and T^^{Vti fl Y) are connected. Let 6' be a positive continuous function on X, 
let M = T-i(M), let Q = T-\Q), let 9^- = T-^Qj) for j = 1,2, let hj = T-i(^) 
for J = 1,2,3,4, let Vj = T-\Vj) for j = 1, 2, 3, let d = a o T, let /3 = /3 o T \y, let 
p = poT, let A = AoT, and let = T*g. Observe that the map A lifts to a unique 
strong deformation retraction A of M onto Y. The restriction of the corresponding 
holomorphic submersion Aq: M ^ F to 62 is a proper map and hence we may choose a 
positive continuous function 60 on Y such that 6*0 o A > 6^ on 62. 
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Applying Theorem 13.41 in the Hermitian manifold {Y, g fp) to the connected relatively 
open set V2 CiY and the noncompact connected closed set V3 fl y, we get a nonnegative 
function /3o on Y such that 

(13114) On Y \ V2, = 0; 

dsns) On t/2 n F, /3o > and A§/?o > 0; and 

dSIle) On i>3 nY, (3o> 00 and Ag0 + (3o) > 0. 

In particular, Ag{f3 + f3o) > on ili n Y. Setting B = T-^{B), ^ = ^ o T, and ai = 
{a + Po o Ao) we will show that the C°° function ao = ai + 7 has the required 
properties. 

Clearly, we have ao > a on <d2- Since ai = a on ©2 \ Aq "'^(V2 fl F) D ©2 \ Vi D 62 \ ^^3 
and supp 7 C ^3, we have ao = « on ©2 \ ^3. On the set Aq^{Vs fl F) fl ©2 D H ©2, we 
have tto > /5o o Aq > ° ^0 > ^• 

It remains to verify the condition (iii) in part (b). Since ao = a + 7 on ©2\Ag ^(V2nF) C 
©2 \ Q, since a + 7 is of class SV°^{g^ q) on a neighborhood of 5 fl ©2 \ Q, and since 7 is 
C°° strictly plurisubharmonic on a neighborhood of V^i fl ©2, we need only show that ai is 
strongly g-convex in a neighborhood of each point x G ©2 H Aq ^ {V2 H Y^. For this, 
observe that, since y = Ao(x) G fii fl F, we have Ag(/3 + f3o){y) > 0. Hence there exists 
a 1-dimensional vector subspace V of Tj'°F such that c(^P + Poj > on V \ {0}. Since 
Ao is a submersion, the inverse image U = [(Ao)*]~^(V) is a vector subspace of dimension 
n — g + 1 in Ty''^X. By construction, on some neighborhood of x we have f3 o Aq + Xp > 36 
and hence 

ai = x0 o Ao + Ap) + /3o o Ao = /3 o Ao + Ap - 25 + /3o o Ao = (/3 + f3o) o Ao + Ap - 25. 
Moreover, A is constant near x. Thus for each tangent vector v eU\ {0}, we have 
C{ai){v,v)=c{p + (3o) {{ko),v,{ko),v^+X{x)C{p){v,v). 

Both terms on the right-hand side are nonnegative, the first is positive if (Ao)*f 7^ 0, and 
the second is positive if (Ao)*f = 0. Thus ai is C°° strongly g-convex near x. 

We now consider the case of a general connected reduced complex space X of bounded 
local holomorphic embedding dimension. According to the Stein neighborhood theorem of 
Siu [Si] and the embedding theorem of Remmert [R], Narasimhan ps], and Bishop [B], 
some connected neighborhood of F in X admits a proper holomorphic embedding into 
for some positive integer n. Thus there exists a proper holomorphic embedding $ : Z — > X' 
of a connected neighborhood Z of Y in X into a connected open subset X' of such 
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that Y' = is closed in C", F is a continuous strong deformation retract of Z, and 

Z' = ^{Z) is a continuous strong deformation retract of X'. We may also fix a Hermitian 
metric g' on X' such that ^*g' — g on Z. Finally, we may fix a connected neighborhood 
Pi of Y' in C" with Pi C X' . 

Given open sets fii, (^2, and Q as in the statement of the proposition, we may choose 
open sets ^, Vt'^, and Q' in C" such that X' m> Q[ ^ Q'^ m> Q', Q'nZ'nPi = $(gnZ) nPi, 

n'j n z' n Pi = $(0^ n z) n Pi for j = i, 2, Q'nz' ^Q'nz', and Q'^ n Z' ^W-nz' for 

j — 1,2. By the above, there exists a neighborhood G'l C Pi of Y' and a C°° function a' 
satisfying the conditions in part (a) relative to these choices of sets in C". The connected 
component ©i of $~^(6'J containing Y and the function a — a' on 61 then satisfy 

the conditions in part (a) in X. 

Fix a connected open set P2 in C" with P2 C 61. Given open sets Q3 and ^4 as in 
part (b), we may choose open sets Q3 and Q4 in C" such that ^2 ^ ^3 ^ ^4 ^ Q'^ 

n'j n n P2 = $(0^- n z) n P2 for j = 3, 4, and o;. n Z' = W^nz' for j = 3, 4. Set 

P' = { X e G'J a\x) > } and P = $-i(P') n 0i = { a; G Gi | a(a;) > }. Given a family 
of functions {cUjyj^g^ as in the statement of part (b), we may form a family of real- valued 
C°° functions with compact support in B' such that o;^ o $ = cj,^ on P for each v. 

Again, for some neighborhood G2 C P2 of Y' and for sufficiently large positive constants 
{Ru}-! we get the conditions in part (b) relative to the above choices and any covering space 
of X' (with the required properties). Let G2 be the connected component of ^"^(Ga) 
containing Y. For any infinite covering space T: X — > X in which Y — T~^{Y) and 
T^^(f24 n Y) are connected and for any positive continuous function ^ on X, we get a 
corresponding covering T' : X' — > X' such that $ hfts to a proper holomorphic embedding 
^ oi Z — T~^{Z) into X' and we may choose a positive continuous function 9' on X' with 
9' o ^ — 9 on Z. Forming the corresponding function a'g on Q'2 = (T')~^(G2), we get the 
desired function uq — a'^o^ |"g^ on G2 = T~^(G2). □ 

4. A UNIFORMLY QUASI-PLURISUBHARMONIC FUNCTION 

We recall that an upper semi-continuous function ip: M ^ [—00, 00) on a complex man- 
ifold M is called plurisubharmonic if, for every holomorphic mapping / : P ^ M of a disk 
P C C into M, the function = ip o f is subharmonic in P; that is, for every contimi- 

o 

ous function w on a compact set K (Z D which is harmonic on the interior K and which 
satisfies u>ip on dK, we have u > ip on K. The function (f is strictly plurisubharmonic 
if, for every real- valued C°° function p with compact support in M, the function (p + ep 
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is plurisubharmonic for every sufficiently small e > 0. Let k G Z>o U {oo, cj}. A function 
if: X ^ [—00,00) on a reduced complex space X is plurisubharmonic {strictly plurisub- 
harmonic, plurisubharmonic, strictly plurisubharmonic) if, for each point in p G X, 
there is a local holomorphic chart (f/, $, U') with p & U and a function (f' on f/' such that 
(p' is plurisubharmonic (respectively, strictly plurisubharmonic, plurisubharmonic and of 
class C'^, strictly plurisubharmonic and of class C^) and such that = o $ on f/. The 
function (f is quasi-plurisubharmonic {C^ quasi-plurisubharmonic) if, locally, if is the sum 
of a real analytic function and a plurisubharmonic (respectively, plurisubharmonic) 
function. Clearly, for k G Z>2 U {00, cj}, a C'^ function is quasi-plurisubharmonic. By 
a theorem of Richberg |Rl|, a continuous function which is strictly plurisubharmonic is 
automatically strictly plurisubharmonic. However, the corresponding property for 
functions does not always hold on a complex space (see, for example. Smith [Smj ) . Finally, 
we observe that the class of C°° strongly 1-convex functions is precisely the class of C°° 
strictly plurisubharmonic functions and W°°(l) is precisely the class of C°° plurisubhar- 
monic functions (see the introduction). 

The goal of this section is to produce a function on each covering space which is, in a 
sense, uniformly quasi-plurisubharmonic and which has a logarithmic singularity along the 
lifting of a given compact analytic set (cf. Lemma 5 of Demailly ^Dej ) . For this, it will be 
convenient to have the following terminology: 

Definition 4.1. Let A be a (properly embedded) analytic subset of a reduced complex 
space X and let ip: Q ^ [—00, 00) be a mapping on an open subset Q of X. We will say 
that if is of class {SV^, Q'X) if? for each point p & Q, there is a local holomorphic 
model {U, U') in X with p G f/ C and a plurisubharmonic (respectively, strictly 
plurisubharmonic, quasi-plurisubharmonic) function if' : U' [—00,00) such that if = 
(yj' o $ on U, ip' is real- valued and C°° on U' \ ^{A fl f/), ip' is continuous on U' as a 
mapping into [—00, 00), and p' = —00 on $(yl fl U). 

The main goal of this section is the following: 

Proposition 4.2. Let {X,g) be a connected reduced Hermitian complex space, let Y be a 
compact analytic subset of X , let Q be a relatively compact neighborhood of Y in X , let 
{-Oi'}!/=i be relatively compact open subsets of X , and let be a C°° strictly plurisubhar- 
monic function on a neighborhood of for each v = 1, . . . ,1. Then, for some choice of 
nondecreasing continuous maps 

ri_: [0,00] [—00,0] and rj^: [0, 00] [— oo,0] 
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with 7]^ < rjj^, 77+(0) = — oo, and rj^ > — oo on (0, oo]; for every sufficiently large R > 0; for 
every connected covering space T : X X; and for every analytic set Z equal to a union of 
irreducible components ofY = T^^(F); there exists a continuous function a : X [— cxd,0] 
with the following properties: 

(i) The function a is of class on X ; 

(ii) We have suppa C = T^^(r2); 

(iii) For each u = 1, . . . ,1, a + R ■ o T is of class SV^ on T^^{D^); 

(iv) For g = T*g, we have 



Remarks. 1. For Z = 0, we have dist g{-, Z) = oo. 

2. Clearly, we may choose R = 1 (by replacing a and t]± with R~^a and R~^ri±, respec- 
tively), but it will be more convenient for the proof to allow R to vary. 

3. The condition SV^ is slightly stronger than necessary for our purposes, but working 
with this class allows one to write some of the arguments more efficiently. 

The proof of Proposition 14.21 is a modification of Demailly's construction of a quasi- 
plurisubharmonic function with logarithmic singularities along a given analytic subset 
(Lemma 5 of |Dej ). The function is obtained by patching local quasi-plurisubharmonic 
functions using the following C°° version of the maximum function for which the given 
properties are easy to check: 

Lemma 4.3. Let n: M ^ [0, oo) be a C°° function such that supp /t C (—1, 1), Jj^ n{u) du = 
1, and J^UK,{u) du = 0. For each d G Z>oj l^t Aid'- IR'^ — > IR &e the function given by 



r7_(dist §(x, Z)) < a{x) < ?7+(dist g{x, Z)) \/ x G X. 




for each t = {t 



. . . ,trf) G M.'^. Then 



(a) For each t = {t 



d 




(b) M-d is C°°, convex, and symmetric in ti, . . . ,td- 

(c) Aiditi, . . . ,td) is nondecreasing in each variable tj. 

(d) For every t = {ti, . . . ,td) G M'^ and s eM., we have 



Mditi + s,...,td + s)= Mdit) + s. 
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(e) For every t E R'^, max(t) < Mdit) < max(t) + 1. 

(f) Iff = (to,ti,...,td) = (to,t) G with to <ti-2, then Md+iit')= Mdit). 

(g) For d=l, Mdit) = t for each t e R. 

(h) For each j = 1, . . . , d, we have < -^Mditi, ■ ■ ■ ,td) < I. 

(i) If if = (v^i, . . . , ipd) is a d-tuple of C°° real-valued functions on a complex mani- 
fold X, then 

CiMdiv))iv,v) > mill Ciipj)iv,v) yv G T^'°X. 

The following is Demailly's construction: 

Lemma 4.4 (See Lemma 5 of [De] ) . Let X be a reduced complex space, let A be an 
analytic subset of X, let {Uj}jizj (^"iT-d {Vj}j(zj be locally finite coverings of X by open sets 
with Vj C Uj for each j G J, and, for each index j G J, let Xj be a C°° function on Vj 
with Xj — oo at dVj and let 

F,= [f^'\...,fp^):U,^C^^ 

be a holomorphic map such that the coordinate functions generate the ideal sheaf I(^AnUj) o,t 
each point in Uj. Let a: X ^ [— oo, oo) be the mapping defined by setting a = — oo on A 
and, for x E X \A, setting 

aix) = Md [(log \F,,ix)f + X,,ix)) , . . . , (log \Fj^ix)f + A,,(x))] ; 

where ji, . . . ,jd are the distinct indices with x E Vj if and only if j G {ji, . . . ,jd}- Then a 
is of class ^■ 

Proof. Given a point x G X, we have distinct indices ji, . . . ,jd,jd+i, ■ ■ ■ ,jm & J such that 
X G Vj (respectively, x G Vj) if and only if j G {ji, . . . Jd} (respectively, j G {ji, . . . , jm}). 
Thus we may choose a neighborhood W of x with 

w (^v,,n---n Vj, n Uj,^, n • ■ ■ n and n = Vj g J \ {ji, . . . , 

Clearly, the functions \Fj^\/\Fj^ \ are bounded on for /i, = 1, . . . , m. On the other hand, 
Xj^ is bounded on W for u = 1, . . . ,d and Xj^ —oo at x G dVj^ for u = d + 1, . . . ,m. 
Hence, choosing W sufficiently small, we get 

log + - 2 > log |F,^(x)| V A,, 

on n Vj^ for 1 < < d and d + 1 < u < m. Thus 

a = Md [(log 1^ + A,0 , . . . , (log \F,f + A,J] 

onW\Z. 
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Now we may also choose W so that we have a proper local holomorphic model {W, $, W) 
and, for each i/ = 1, . . . , d, a holomorphic mapping F^^ : W — > C^^'^''"'^'^ such that F^^ o $ = 
(Fj^, 0, . . . , 0) on W and such that the coordinate functions for F^^ generate the ideal 
sheaf I<s>{Anw) at each point. Furthermore, we may assume that there is a C°° strictly 
plurisubharmonic function p on W' and C°° functions A^-^ , . . . , A^^ on W' such that, for 
each u = 1, . . . ,d, we have X'^^ o $ = Aj^ on W and X'j^ + p is plurisubharmonic on W. 
Setting a' = -oo on ^{AnW) and 



{^og\F;S + X',,),...,(log\F;f + X'^^ 



on W \ n W), we see that a'o^ = aonW,a' is on W \ $(A n W), and a' 
is continuous as a mapping into [— oo, oo). Moreover, by part (i) of Lemma [4.31 a' + p is 
plurisubharmonic on W \ ^{A fl W) and, therefore, on W. It follows that a is of class 
Q'^ on X. □ 

Proof of Proposition \4-^ We may fix finite coverings {Qi}i=i, {Ui}^^^, and {V^j^^j^ of Y 
by nonempty connected open subsets of X and functions {Ajj^^j^ such that, for each i = 
1, . . . , /c, 

(14.21 1) Qi is contractible; 

(11212) V, ^ f/, ^ ^ Q- 

(14.21 3) We have diam^f/j < dist g{Ui, X \ Qi) (where the diameter diam^ is taken with 

respect to the distance function distg(-, ■) in X; 
(014) If iTi n 17^ ^ for some j, then Ui (s Qj; 

(14.21 5) For every set A which is equal to a union of irreducible components ofY nQi each 
of which meets Ui, we have a holomorphic map 



i,A — yJi^A^ • • • ' Ji,A 



i,A 



such that the coordinate functions generate the ideal sheaf X4 at each point in Ui 
and 

(here, we allow for A = in which case we take Ni^A = 1 and Fi^A = fi^A = ^^"^ 
K2\6) We have A, G C^iVi), Xi < -2 on Vi, and A, ^ -cx) at dVi. 

We may also choose open sets Qo, Uq, Vq, and Wq in X with 

X\{ViU---UVk)cWoCWoCVoCVoCUoCU'oCQoCQ~oCX\Y 
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and a nonpositive function Aq G C°°(Vo) with Aq = on Wo and Aq 
also set A^o = 1 and 



-oo at dVo. We 



= 1. 



^0,0 - /o,0 - /o,( 

For 2 = 0, 1,2, let Ai be the (finite) collection of analytic subsets of Qi which 

are either empty or the union of a set of irreducible components of F fl each of which 
meets f/j. Given an open subset 9 of X, let be the collection of {k + l)-tuples A = 
{Aq, . . . , Ak) G ^0 X ■ ■ ■ x^A: sucli that, for all i, j = 0, . . . , k, we have 

AinUinUjHQ = Aj n Uj n f/^ n e. 

In particular, the associated set A = [{Aq fl Uq) U • • ■ U {Ak fl Uk)] fl 6 is a (properly 
embedded) analytic subset of 6 with A n Ui = fl f/j fl 6 for i = 0, . . . ,k. Thus for 



each A = (Aq, . . . , A^) G Aq, as in Lemma \AA\ we may define a continuous function 
Cie,A- ® ~^ [~C)O,0] of class by setting ae,A = — oo on A and, for each x & Q \ A, 
setting 

ae,A[x) = jvid ( log |i^i,,A,Aa;JI + -^iA^) } ^ ■ ■ ■ A ^^^S Fi^,A,A^) + Ki^) 



where ii, . . . ,id are the distinct indices with x G Vi if and only if i G {ii, . . . ,id}- We have 
o:0,A < because, in the above notation, all of the entries are nonpositive and at most one 
is greater than —2; while, if t = (ti, . . . ,td) with ti <0 and tj < — 2 for j = 2, . . . , d, then 

Mdit) < Md{0, -2, . . . , -2) = MiiO) = 0. 

Similarly, we have a^^A = on Wq fl 9 D 6 \ Since X \ Wq C ^2 d X, it follows that, 
given an open set V with C 9, there exists a positive constant Re,A,v and nondecreasing 
continuous functions 

Ve,A,v-- [O'f^] [-00,0] and 'ne,A,v,+ - [0' ^1 ^ [-oo,0] 

such that r]e,A,v- < Ve,A,v,+^ Ve,A,v,+i^) = Ve,Ay- > -'^ on (0, cx)], 

?7e,A,v-(distg(x, A)) < ae,A{x) < ?7e,A,v,+(dist ^(x, A)) Wx G V, 

and, for each u = 1, . . . ,1, the function ae,^ + -Re,A,y ■ is of class SV^ on D^, fl 

The collection C x ■ ■ • x is finite for each i. Thus we may choose a constant 
Rq > and nondecreasing continuous functions 



rj- : [0, oo] [—CO, 0] and 77+ : [0, 00] — > [—00, 0] 



22 



M. FRABONI AND T. NAPIER 



such that ?7_ < Tj^, '?7+(0) = — oo, > — oo on (0, oo], and, for each i = 0,1, ... ,k and 
each A G Au,, we have Rq > Ru„a,v,, V- < Vu„A,v^~ < Vu^,Ay^,+ ^ and 77+ = on the 
interval [dist ^(^4, X \Ui), 00] (note that dist c,(Vo, X \Uo) > since X \Uo is compact). 

Given a connected covering space T: X ^ X and an analytic subset Z of X which is 
equal to a union of irreducible components of F = T^^{Y), we will construct the associated 
class function a: X —>■ [—00, 0]. For this, we assume that the covering is infinite. The 
proof for a finite covering is similar. 

For each z = 0, . . . , fc, we let = ^-^(Qi), U, = T-\Ui), and Vi = T-\Vi}. We set 
Wo = T-\Wo). For each z = 1, . . . , A;, we let \q 



and < V, 



denote 



u=l K J u=l K J v=l 

the distinct connected components of Qi, Ui, and Vi, respectively, with v}"^ d [/■ '^^ d Q['^^ 
for each u. For 1 < i < and z/ > 1, we let A^^ = o T \y(.)e C°° (v^''^^, we let 



z\'^^ be the union of all irreducible components of Z f] QY' meeting Uf, we let A, 



T ( Zi'^^ ) G A, and we let F, 



(^) 



(1) 

^(1) 



(1) 



(1) 



c 



. We also set Qo^'* = Qo 



(1) 



AooT G Z^^^ = 0, A 



^0 



and 



F',> = Fo,0 o T = 1 on U, 

Lemma l474l applied to the above objects yields a function a: X ^ [~oo, 0] satisfying the 
conditions (i) and (ii). Specifically, a = —00 on Z while, for x G X\Z and for distinct pairs 
of indices {ii, vi), {id, Ud) with x G vj;"^ if and only if (z, v) G {{ii, ui), {id, Vd)], we 
have, 



a{x) = Mc 



log 



Fi:'\^) + A,^-^ (a:) ),..., (lo, 



,(^1) 



We will show that a satisfies the conditions (iii) (for R > Rq) and (iv) by showing that, 
locally, we have a = oiUi,A ° ^ with A G Ajj^. 

Given i G {1, . . . ,k} and G N, we have distinct indices ii, . . . ,im G {0, . . . , /c} and 
indices z/i, . . . , z/^ G N such that, for any pair of indices (j, /i), we have 

?7,(^) n f/j'^) ^ ^ (j, /i) G {(^1, z/i), . . . , (2„, z/™)} 

(here we have used the condition (14.21 4)). In particular, (i, z/) G {{ii,ui), . . . ,{im,i'm)}- 
For each j = 0, . . . , /c, let Aj G Aj be the analytic set given by 

if j ^ {ii, ...,im} 

Then the /c-tuple A = (Aq, . . . , Aj.) is an element of Au^ with associated analytic set 



A, 



A = T znu. 
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To see this, suppose < j < k. If j = or j ^ ii, . . . , im, then AjnUjCiUi 
If j = is ^ for some s, then we have 



AiDUinUj. 



A, n u, n Ui = A^"'^ n [/,■ n f/,- = T ( zr^' n ur' ) n t/,- = T ( z n m"'^ n f/.^ 



Ays) 



A^s) 



A^) 



where the last equality holds because u'f'^ is the unique component of Ui meeting Ul_^ . 
Exchanging j and i, we see that Aj fl Uj nUi = Ai nUi H Uj in this case as well and the 
claim follows. 

Furthermore, we have a = au^^A o T on U^^\ For both functions equal — oo on Z (1 U^^\ 
Given a point x G U^'^^ \ Z, we may rearrange the indices so that, for some ci G 1, 
we have x G V/^^^^ fl ■ ■ ■ fl V^^'^'^ and x ^Vj for j ^ {ii, . . . , i^}- Hence 



Avs) 



.171, 



a{x) = Mc 



log 



log 



f'^^'^Hx) 



id 



We also have y = T(x) E Vi-^ H ■ ■ ■ H Vi^ and y ^ Vj foi j ^ {ii, . . . , id}. Thus 



o:u,,Aiy) = J^d 



(log|Fn,A,,(l/)|^ + Ai,(?/)) (log 



and we get the claim. 

It follows that the condition (iii) holds on the set V^'^'^ for R > Rq. That is, for R > Rq, 
the function a + i? ■ p,^ o T is of class SV^ on v}'^^ fl T^^ (D^) for /i = 1, . . . , /. To verify that 
the condition (iv) also holds on v}'^\ we fix x G V^'^^ and set y = T{x) and r = dist g{x, Z), 
where g = T*g. The condition (14.21 3) ensures that dist ^(a, 6) = dist g(T(a), T(6)) for all 
a, 6 G U-'^^ and 

diam^f/f ^ = diam gUi < dist g{Ui,X\ Qi) = dist^ (u^''\x\ Qf^' 
In particular, we have 

ri-{r)< V~ (dist ^ (x, Z n t/f ^ ) ) = (dist giy,A)) 
< 77i/„A,v'„-(distg(?/,i)) < au^Xy) = (^i^) 
For the other required inequality, we observe that, if 

r > dist g (f/"\ X \ Ul"^^ = dist g{Vi, X\Ui), 

then, by the choice of ?7+, we have 

a{x) = au„A{y) < = V+{r)- 
If r < dist g{V^''\x \ U-'^^), then we must have 



r = dist ^[x,Zr\W 



dist g{y, A) 
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and hence 

a{x) = au^Xy) < Vu,,A,v^Ar) < V+{r)- 
Thus the condition (iv) holds on V^^^K 

It remains to show that the conditions (iii) and (iv) hold at points in X \ {Vi U ■ ■ ■ U Vk) C 
Wq. But a = on Wq, so the condition (iii) holds for R > Rq (or even R > 0) and we 
have ■)]_ (dist g{-, Z)) < a. Moreover, on Wq, we have 

distg{-,Z)>distg{-,Y)>distg{Vo,X\Uo)=distg{Vo,X\Uo). 

and hence 

a = = r7+(dist g(-, Z)). 
Thus a satisfies the conditions (i)-(iv) (for R > Rq) on the entire covering space X. □ 

5. An SV'^{g,q) function near the singular set 

For the proof of Theorem lO.H Proposition 13.11 allows one to construct a function which, 
in a neighborhood of Y, is strongly g-convex away from losing- In order to modify the 
function to be strongly g-convex near the singular set, we will apply the following fact; the 
proof of which is the first goal of this section: 

Proposition 5.1. Let {X,g) be a connected reduced Hermitian complex space, let q he a 
positive integer, let Y he a compact analytic suhset of X , let S he a compact analytic suhset 
of dimension < q in X , let Q he a relatively compact neighhorhood of S in X , let {D^}^^^ 
he relatively compact open suhsets of X, and let he a C°° strictly plurisuhharmonic 
function on a neighhorhood of D^, for each u = 1, . . . ,m. Then there is a relatively compact 
neighhorhood Q of S in Q, a constant R > 0, and, for every e > 0, an associated 6 > 
such that, for every connected covering space T : X ^ X and for every analytic set Z equal 
to a union of irreducihle components ofY = T^'^{Y), there exists a C°° function a on X 
with the following properties relative to the sets = T^-'^(^7) and = T^^(0) and the 
Hermitian metric g = T*g: 

(i) OnX,0<a< R; 

(ii) We have supp a CQ\ N{Z; 6) and a> on \ N{Z; e); 

(iii) On U N{Z; 5), a is of class W~(^, q); 

(iv) On the sei | p G | a{p) > 0^ , a is of class SV°°{g, q); and 

(v) For each u = 1, . . . ,m, a + Rpu o T is C°° strictly plurisuhharmonic on T^^{D^) 
and Ra — p^oT is of class SV°°{g, q) on a neighhorhood of T~^{Du) fl \ N{Z] e). 
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Remark. Note that and R do not depend on the choice of e and 5. 

Proof. We may assume without loss of generahty that f2 d U ■ ■ ■ U Dm. According to 
Theorem 12.41 there exists a nonnegative C°° function (3 on X such that supp (3 <Z VL and 
such that, on a neighborhood of the closure of some relatively compact neighborhood 
of S in we have (3 > 2 and (3 is of class SV°°{g, q). We may also choose a C°° function 
X: M [0, cx)) such that x = on (-oo,0], x' > and x" > on (0, oo), and > 1- 

Choosing a constant Rq ^ 1, we get P < Rq, xiP) ^ -Ro; and x'iP) ^ Ro on X. Choosing 
Ri ^ 0, we get, for each u = 1, . . . , m, RiP — p^, is of class SV°°{g, q) on fl 9 and 
Rq[3 + RiPu is C°° strictly plurisubharmonic on D,^. 

Applying Proposition 14.21 we may choose (independently of the choices made in the pre- 
vious paragraph) a relatively compact neighborhood A of F in X, a pair of nondecreasing 
continuous maps 

ri_ : [0, oo] [— oo, 0] and rj^ : [0, oo] — > [— oo, 0] 

with ri_ < rj^, ri^{0) = — oo, and rj^ > — oo on (0, oo], and a constant R2 > such that, for 
every connected covering space T : X ^ X and for every analytic set Z equal to a union of 
irreducible components of F = T^^(y), there exists a continuous function 7: X — [—00, 0] 
with the following properties: 

(15.11 1) The function 7 is of class on X; 
(15312) We have supp 7 C A = T-\A); 

(15.11 3) For each u = 1, m, •y + R2 ■ Pu ° is of class SV^ on T~^{D^)] 

( 15.11 4) For g = T*g, we have 

?7_(dist g{x, Z)) < 7(x) < r7+(dist ^(x, Z)) Vx G X. 

We may now fix a constant R > max(i?0; 2i?i) and, given e > 0, we may choose a constant 
p > so small that 2pRiR2 < 2pRoRiR2 < 1, Ri + PR0R2 < R, and p ■ rj^{e) > —1; and 
we may then choose a constant 6 G (0, e) so small that p ■ ri^{6) < —Rq- We will show 
that, for T: X ^ X a connected covering space, Z a union of irreducible components of 
Y = T^'^{Y), and 7: X ^ [—00, 0] satisfying (I5.1[ l)-( |5m 4). the function a given by a = 
on Z and a = xiP o T + p'j) on X \ Z has the required properties (i)-(v). For this, we 
set h = T-\n), = T-i(0), P = poT, and, for each u = 1, . . . ,m, = T-\D^) and 
Pi. = p,, o T on D^. 

The choice of x and Rq guarantee that a is of class C°° and < a < xiP) < -R on X; as 
in (i). We also have /3 + p7 < on p-^{0) U N{Z; 5) and /3 + p7 > /3 + pr7_(e) > 2 - 1 > 
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on O \ N{Z; e), so the condition (ii) holds. For each z/ = 1, . . . , m, we have, on the set 

/3 + /x7 = ■ {Ri(3 - p^) + /i ■ (7 + R2pu) + {Ri^ - i^R2) ■ Pu- 

Since x', x" ^ ^-^id a = on N{Z] 5), Lemma [275] imphes that a satisfies the condition (iii). 
Furthermore, since x'(^) > precisely when > (i.e. when t > 0), the condition (iv) 
holds. 

It remains to verify the condition (v). Given an index u with 1 < u < m and a point 
p E Dy, we may choose a proper local holomorphic model (f/, $, f/') such that p E U C Dy 
and such that, for some choice of C°° strictly plurisubharmonic functions r and p on U' 
and some function of class SV^i^znu) have i?o/3 + -RiP;/ = r o $, p^, = p o $, 

and 7 + -R2 ■ Pz/ = ^ o *^ on f/. In particular, we get the extensions 

(3q = i?o ^ ■ (''" ~ RiP) ^'^d 7o = ^ - i?2 ■ p 

of /3 and 7 f;/, respectively. If p G 6 fl then we may also choose the local model 
so that f/ C and so that, for some function uj G C^{U'), we have Ri(3 — py = u o ^ on 
U and the ^-trace of the restriction of ^*C{uj) to any g-dimensional subspace of Tx^^U is 
positive for each x E U. We then get a second extension /3i = i?f ^ ■ (cu + p) of f3 \u- 
We also have a C°° extension (y9 of the function (a + Rpy) \u given by 

r Rp on <I>(Z n f/) 

U(/9o + P7o) + i?P ont/'\<I>(Zn[/) 
In particular, = Rp near $(Zn[/) and hence ip is strictly plurisubharmonic near $(Zn?7). 
For each point x E $(f/ \ Z) and each nonzero tangent vector v E T^'°[/', we have 

C{(p){v,v) > x' IM^) + Ploix)] ■ C{I3q + p-io){y,v) + R ■ C{p){v,v). 

Hence C{ip){y^v) > if C{[3q + P'^q){v,v) > 0. If C{(3q + p-^ojiy.v) < 0, then, since 
< x'(/5o(a;) + P7o(a;)) < < Ro, we get 

C{ip)iv, v)>Ro- C{Po + Plo)iv, v) + R- C{p){v, v) 

= Ro-C (/?o ' ■ {r - Rip) +p-i9-R2-p))iv,v) + R- C{p) {v, v) 
= C{T){y, v) + p/?o ■ C{e){y, v) + {R - Ri - PR0R2) ■ C{p){v, v) 
> 0. 

It follows that (p is strictly plurisubharmonic on a neighborhood of $(f/). 

li p E Q n Dy, ip is the C°° extension of the function {Ra - py) \u\z to U' \ $(Z n U) 
given hy ip = R- xi.Pi + Plo) ~ P, V ^ U\Z, x = $(?/), ei, . . . , G Ty^^X are orthonormal. 
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and Vj = $*ej for j = 1, . . . , g, then 

q Q q 

^mj){vj,Vj) >R-x [Piy) + fJ^liy)) ■^^Pi+ fJ^7o)ivj,Vj) -^C{p){vj,Vj) 
j=i j=i j=i 

q 

= RR^' ■ x' [m + /i7(y)) ■ ^i) 

q 

q 

+ [R{Ri' - fiR2) ■ x' {m + f^liv)) - l] ■ E ^('^)(^^' 

i=i 

Wehave R^^-fxR2 = R^^ {I - HR1R2) > {2Ri)-\ If y G U\N{Z; e), then p{y) + fx-f{y) > 
2 + /i ■ r7_ (e) > 1 and hence 

R{Ri' - fiR2) ■ x'0{y) + m{y)) - 1 > (^/(2i?i)) - 1 > o. 

Thus ^ C{jp){vj,Vj) > for any choice of y in a small neighborhood of U \ N{Z; e) and 
hence a and R satisfy the condition (v). □ 

Combining Proposition 13.11 and Proposition I5.H we get the following: 

Proposition 5.2. Let {X,g) be a connected reduced Hermitian complex space; let q he a 
positive integer; let Y he a compact analytic set of dimension < q; let C and S he analytic 
suhsets ofY such that C is a union of irreducihle components ofY, dim 5* < q, S contains 
Kiing OS well as every irreducihle component of Y of dimension < q, and Y \ [C VJ S) 
is Stein; let {Dy}^^^ he relatively compact open suhsets of X; let pu he a C°° strictly 
plurisuhharmonic function on a neighhorhood of Dy for each u = 1, . . . ,m; and let e > 0. 
Then, for every choice of constants 61, 62, S3, and 64 with e ^ ^4 ^ ^3 ^ ^2 ^ 5i > 
(i.e. one must choose 64 sufficiently small relative to e, 63 sufficiently small relative to 
64, and so on), there exists a neighhorhood Q of Y in X such that, for every connected 
covering space T : X ^ X , for every analytic set Z which is equal to a union of irreducihle 
components ofY = T^^{Y) and which contains C = T^'^{C) as well as every q-dimensional 
compact irreducihle component ofY (i.e. Z contains every compact irreducihle component 
ofY not contained in S = T^^(S)), and for every positive continuous function 9 on X, 
there exists a nonnegative C°° function a on X with the following properties relative to the 
Hermitian metric g = T*g, the sets = T^^(fi) and = T^^{Dy) for u = 1, . . . , m, and 
the functions py = o T : D^, M for u = 1, . . . , m: 
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, a > 0; 



(i) On N{Z; 6i) nn, a = 0; 

(ii) On (n\N{Z;62)^U (n\ N{S;62)UN{Z;6i) 

(iii) On N{S; 63) nh, a zs of class W^{g, q); 

(iv) On I p G N(S] 5-i) nVL \ a{p) > a is of class SV°°ig, q); 

(v) For each v = 1, . . . , m, the function a — p^, is of class SV°°{g, q) on a neighborhood 
ofN{S;6s)nD,nh\N{Z;62); 

(vi) For each u = 1, . . . ,m, the function a — is strongly q-convex on a neighbor- 
hood ofD^nh \ \n{S; 62) U N{Z; 61] 



vii) OnQ\ N{S;6i)U N{Z;6i) 



, a > 9; and 



(viii) On | p G | a{p) > |, a zs C°° strongly q-convex. 

Proof. We may assume without loss of generality that F C 60 (s -DiU- • -UDm for some open 
set Bq. We will also assume that y\(CUS') 7^ 0, since the proof for Y C CUS is similar (but 
easier). Applying Proposition 15. we get a relatively compact neighborhood Bi of S* in Bq, 
a constant Ro> 1, and, for every 77 > 0, an associated 5 > such that, for every connected 
covering space T: X — X and for every analytic set Z equal to a union of irreducible 
components of F = T^^iY), there exists a nonnegative C°° function [3 on X with the 
following properties relative to the Hermitian metric g = T*g, the sets B-,- = T^^(Bj) for 



J 



0, 1 and Dy = T ^{Dy) for z/ = 1, . . . , m, and the functions p^ = p^ oT : 



for 



, m: 



dEll) We have supp/? C Qo\N{Z]6) and /5 > on Qi\N{Z]r])] 

(15:212) On 61 U N{Z- 5), /5 is of class W^{g, q); 

(15213) On the set | p G §1 | f3{p) > |, /3 is of class SV°^{g, q); and 

(15.21 4) For each z/ = 1, . . . , m, /5 + RqPu is C°° strictly plurisubharmonic on and (3 — p^ 

is of class SV°°{g, q) on a neighborhood of DynQi \ N{Z; rj) (in the notation of 

Proposition 15.11 /? = Ra and Rq = R^). 

We may now choose constants ^, ^2, ^3, ^4 and open sets B2, fii, . . . , ^4 with the following 
properties: 

(15:215) We have < 2^ < ^2 < ^3 < ^4 < min [e, dist (F, X \ Bq), dist (5, X \ Bi)]; 
(IE16) We have Vt^ ■ ■ ■ Vli Qq\{C U S); 

(15.21 7) For each connected component A oiY \{C U S) and each j = 1, ... ,4, the set 
Qj n A is nonempty and connected, Qj (1 A = Qj (1 A, and 

7Ti{nj n A) -» im [rciiA) 7ii{A)] ; 
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(15218) r \ U 5) C 62 C Go \ (C U S), 62 \ N{S; 64) C ^4, ^^3 H Ar(C U ^; 2^3) = 0, 

©2 \ N{S; 62) C 1^2, and Vli f] N{C U 5; 2^ = 0; 
(15.21 9) For any connected covering space X and any analytic set Z C X as above, we may 

form a function (3 with the properties (I5.2[ l)-( l5.2[ 4) for rj = 62 and 6 = ^. 

Note that we obtain the above sets and constants by choosing them in the order: ^4, Q4, 
^3, ^3, ^2, ^2, ^1, ^, ©2- To get the surjection of fundamental groups in (I5.2[ 7). we choose 
Q4 sufficiently large and apply standard facts (see, for example. Lemma 2 of [Fra] ) . To get 
^ to satisfy (I5.2[ 9). we need only choose r] so that < r] < 62 and Qi fl N{C U S;ri) = 0, 
and then choose ^ to be an associated 6 as in (15.21 1)- (I5.2[ 4) with < 2^ < 77. To get the 
condition (15.21 8) . we first choose the constants ^, 62, S3, ^4 and the sets fij for z = 1, . . . , 4 
so that (15.21 8) holds with Y\{CU S) in place of ©2, and we then choose the neighborhood 
©2 sufficiently small. 

For each connected component Y' of Y\{C US), we may form a connected neighborhood 
X' in ©2 with X' C ©2 U and vri(F') -» im [tti{X') -> 7ri(X)]. We may also form a 
neighborhood S' of Y' in X' and open sets Q'^, . . . ,Q'^ with 

X' ... 3)n[ and ^ n s' = n h' for j = i, . . . , 4. 

By applying Proposition 13. ![ we get a corresponding neighborhood as in part (b) (of 
Proposition 13. ip which we may take to be contained in S' (note that X' is chosen so 
that each component X' of the lifting in any covering space of X will contain exactly one 
component Y' of the lifting of Y', so the proposition may be applied to the covering space 
X' Y' whenever this restricted covering is infinite). 

Taking the union of the (finitely many) resulting neighborhoods of all of the connected 
components of F \ (C U S") (which we may take to be disjoint), we get a neighborhood ©3 
of y \ (C U S) in ©2 and an open subset B of ©3 such that ©3 C ©2 U S, each connected 
component ©' of ©3 meets (hence contains) exactly one connected component Y' of Y \ 
{C U S) and satisfies 

7ri(r)^im [7ri(0')^7ri(X)], 

and, for every connected covering space T : X X and every positive continuous function 
6 on X, there is a nonnegative C°° function 7 on the union Fq of all of the connected 
components of ©3 = T~^(©3) which meet (hence contain) a connected component of 
(y \ (C U S)) which is not relatively compact in X such that, if Vtj = T~^{Q,j) for 
j = 1,2,3,4, then 

(15:2110) OnFo\fii,7 = 0; 
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(Oil) On ^2 nTo, 7 > 0; 

( ]5.2[ 12) There is a nonnegative function 70 G W°°(5',g)(03 \ ^4) such that 7 = 70 o T on 
Tq \ and 70 is of class SV°°{g, g) on { x G ©3 \ ^4 | 7o(a;) > } D H 63 \ ^4; 

dEllS) Wehave5 = (l]3ne3)U{a; G e3\n3 | 7o(x) > 0} D ^1200^ and, ioi B = T-\B), 
we have 

BnTo = {x eTo \ -fix) > 0} 

and, for any C°° function r with compact support in B, the function i? ■ 7 + r o T 
will be C°° strongly g-convex on -B fl Fq for every sufficiently large positive constant 
R; and 

(K2\u) On n To, 7 > e. 

Finally, we may choose a constant 61 such that < 61 < C,, dist (63 \ N{S] C,),C) > 61, 
and dist (Y \ {N{S; U C), X \ 63) > 61. 

We will now show that any relatively compact neighborhood of F in the neighborhood 
Qq = N{Y; 61) n [83 U N{C U S; 61)] and the constants 61, 62, 63, and ^4 have the required 
properties. For this, suppose T : X — > X is a connected covering space, ^ is a positive 
continuous function on X, Z is a union of irreducible components of F = T^^{Y) which 
contains C = T^^(C) as well as every g-dimensional compact irreducible component of Y, 
g = T*g, Qi = T-^Qi) for i = 0, 1, 2, 3, ^ = T-i(a) for i = 0, 1, 2, 3, 4, = T-\n), and 
Pu = Pu^'^ oil = T^^{D,^) for u = 1, . . . ,m. We will assume that the covering is infinite, 
since the proof for a finite covering is similar (but easier). We may also assume that 6 is 
an exhaustion function (since we may replace 6 by an exhaustion function which is greater 
than 6). In the above notation, we may form a nonnegative C°° function /5 on X satisfying 
the conditions (I5.2[ l)- fl5.2[ 4) with rj = 62 and S = C,, and we may form a nonnegative C°° 
function 7 on Fq C O3 satisfying the conditions (15.21 10)- fl5. 21 14). Observe that, for B and 
B = T-\B) as in (^13), we have n 63 \ N{S; 82) U <m ^2 n B-^ C B for some open 
set U. For, if p G fl 63 \ N{S; 62), then dist {p, x) < 61 for some point x G F and we get 
dist (x, S*) > ^2 — ^1 > C,- Since 61 < dist (83 \ N{S] ^),C), we also have x ^ C. Thus 

n 03 \ N{S; 62) C N{Y \ [N{S; U C] ; 61) \ N{S- 62) m 83 \ N{S- 62) C ^2 n 63. 

Setting U = T"^(f/), we see that, by replacing 7 with a large multiple, we may assume 
that 7 — {Rq + 1) ■ is C°° strongly g-convex on Z);^ fl t/ fl Fq for z/ = 1, . . . , m. 

Let F C Fo be the union of all of the connected components of B3 which meet (hence 
contain) a connected component of Y \ {Z U S). Observe that we get a well-defined 
nonnegative function ( on ^Iq by setting (^ = /5 + 7onFnf2o and (3 elsewhere in f2o. 



STRONG g-CONVEXITY IN UNIFORM NEIGHBORHOODS 31 

For 

^0 n ar c N{Y; 6i) n [§3 u N{d u S; 61)] n de^ = N{d u S; 5i) n de^. 

Since 7 = on Fq \ fii D A^((7 U S^; 5i) n Fq, we see that ( is C^. Cutting off, we get a 
nonnegative C°° function a on X with a = ( on il. 

In order to verify the properties (i)-(viii), we first observe that we have the following: 

he N{Y;6i) C N{S;2^)UTUN{Z;6i) and T f] N{Z; 61) C N{S;2^). 

For, given x G N{Y; 61) \ N{S; 2^), we may fix a point y G Y with dist {x, y) < 61. Hence 
dist [y, > 2^-5i > C Ify E C C Z, then, since dist §3 \ N{S; ^),d > we get x G 

N{Z; 61) \ §3 C N{Z; 61) \ F. Ify^d, then, since dist Y \ (^N{S; U , X \ §3 > 5i, 
a piecewise C°° path from ?/ to x of length < 5i must lie entirely in the connected component 
V of 63 containing y. Thus either y E Z, in which case x G N{Z; 61) and a; G V C 63 \ F; 
or y ^ Z, in which eV cT. 

Verification of (i). The condition (i) holds because 7 = on r\Qi D FniV((5 U S; 2^) D 
F n N{Z; 5i) and (3 = on N{Z; D N{Z; 61). 

Verification of (ii). We have a>/5>Oon0infi \ N{Z; 62) and a > 7 > on 
fiaHFnl^ D Tr\h\N{S;62) D T r\h\N{S;64) D Tr]n\&i. On the other hand, we have 

17 \ (f U §1) C f2 \ (f U N{S; 62)^ cn\(TU N{S; 2^) C N{Z; 61). 

That (ii) holds now follows. 

Verification of (iii). From fl5.2[ 2). we see that {3 is of class yV°°{g, q) on 61 D N{S] ^3); 
and from ([El8) and ([E112), we see that 7 is of class W°°(^, g) on F \ 173 D F n N{S- 25^). 
It follows that the condition (iii) holds. 

Verification of (iv). Suppose p G X(S^; ^3) n Vl with a(p) = ({p) > 0. If (3{p) > 0, 
then /5 is of class SV°°{g, q) near p (by (15.21 3)) and hence, since 7 is of class >V°°(^, g) on 
F n N{S] 53), we see that a is of class SV^{g, q) near p. If (3{p) = 0, then we have 7(p) > 
and 

p G iV(§; 53) n f2 n F C §1 n Fo \ ^3. 

Thus, near p, 7 = 70 o T is of class SV°°{g, q) and [3 is of class >V°°(^, g), and hence a is 
again of class SV°^{g, q) near p. 

Verification of (v). Given v G {!,..., m}, the function /? — is of class SV^{g, q) 
on a neighborhood of 5^ n §1 \ N{Z] 82) D N{S] ^3) n 5^ n 17 \ X(Z; ^2) • Since 7 is of class 
W^{g, g) on F n N(S] 5^), the condition (v) holds. 
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Verification of (vi). Given u E {1, . . . ,m}, we have 



cTnunQnD^. 



Moreover, on F fl f/ HQn D^, we have a — p,y = {P + RqPu) + (7 — {Ro + 1) " Pu)] the sum of 
a C°° strictly plurisubharmonic function and a C°° strongly g-convex function. Thus we 
get the property (vi). 

Verification of (vii). We have 

h \ \n{S; 64) U N{Z; 61)] cTnh\ N{S; ^4) C T n H ^4- 

Therefore, on this set, we have a > j > 6. 

Verification of (viii). Recall that we extended the list of functions {pu} so that 
f2 d ©0 d -Di U ■ • • U Dm- Hence the conditions (i), (iv), and (vi) give (viii). □ 



6. A UNIFORMLY QUASI-PLURISUBHARMONIC EXHAUSTION FUNCTION 

To obtain the desired exhaustion function, we will add to the function produced in 
Proposition 15.21 an exhaustion function which is uniformly quasi-plurisubharmonic and 
which is locally constant near the compact irreducible components of the lifting of the 
compact analytic set. Such a function is produced in the following proposition which is 
the main goal of this section: 

Proposition 6.1. Let {X,g) be a connected reduced Hermitian complex space, let Y he a 
compact analytic subset of X , and, for each u = 1, . . . ,m, let he a relatively compact 
open subset of X and let py he a strictly plurisubharmonic function on a neighborhood 
of Dy. Then there exist constants R > and 6 > such that, for every t] > 0, for 
every set E G M. with \s — t\ > Arj for all s,t G E with s ^ t, for every set F G M. with 
[0,00) C N^{F;ri), for every connected covering space T: X —> X, and for every analytic 
set Z which is equal to a union of irreducible components ofY = T^^{Y) and which has 
only compact connected components, there exists a C°° positive exhaustion function r on X 
with the following properties: 

(i) The function t + R ■ {1 + rj) ■ p^ o T is strictly plurisubharmonic on T~^{Dy) 
for u = 1, . . . , m; 

(ii) For g = T*g, r is locally constant on Ng{Z;5); and 

(iii) We have t{Z) cF\ Nk{E; t]). 
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Lemma 6.2. Let r] > 0, let E G with \s — t\ > At] for all s,t E E with s ^ t, and let 
F C M with [0, cxo) c N^{F; rj). Then, for each a G [0, oo), there exists a number b G [0, 6r]) 
such that a + b e F\ Nk{E; t)). 

Proof. For some c G F, we have \a + ri — c\ < rj and hence a < c < a + 2ri. If c ^ N^^^E; rj), 
then we may set 6 = c — a. \i \c — t\ < rj for some t E E, then t + 2rj > and hence, for 
some (i G F, we have \t + 2r] — d\ < rj. It follows that d ^ N]^{E; rj), since rj < \t — d\ and, 
for each s e E \ {t}, \s — d\ > \s — t\ — \t — d\ > Ar] — 3r] ~ rj. Moreover, 

a<c<t + r]<d<t + 3r)<c + Ar]<a + 6r). 

Thus b = d — a has the required properties. □ 

Lemma 6.3. Let {sj,} and {t„} be sequences of nonnegative numbers with ty ^ oo as 
v ^ oo. Then there exists a Lipschitz continuous function x on M such that 

(i) We have x > '2 and < x' < 1/2; 

(ii) We have x(t) ^ oo as t ^ oo; 

(iii) For all s,t G M with \s — t\ < 1, we have x{s) < 2 ■ and 

(iv) For all u & N and a// 1 G M with — 1 < t < + + 1, we have 

^-'■x{t)<x{tu)<A-x{t). 

Proof. Reordering if necessary, we may assume without loss of generality that {tu} is 
nondecreasing. We may choose a subsequence {tuA°°_^ such that t^^ = ti and such that, 
for each j > 1, t^. > Sy + ty for all v < Vj^i and t^^ > ty^_^ + 2. We now let x be 
the piecewise linear continuous function for which % = 3 on {—oo,ty^ and, for j > 1, 
X(^) = J + 2 and x" = on {ty^_^,ty.). 

For each i/, there is a unique index j with ty G [tyj_^ , ty. ) and hence j < xi^v) < 3 + '^- 

If Sy-\-ty < ty. , thCU 

X{su + ty) < x{ty,) =j + 2< ^-T^xiU). 

Suppose Sy + ty> ty. . SmcB ty < ty. , we have u < Vj and, therefore, ty.^.^ > Sy + ty by the 
choice of ty._^_^ . Thus 

J + 3 

X{su + ty) < x(^+i) = J + 3 < ^—xitu)- 

Thus x(si/ + ty) < 2x{ty) for each u. 

Since x is piecewise linear, for each j > 1 and each t G {tyj_j^,ty.), we have 

1 1 
= < 2- 
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So (i) holds. 

If \s — 1\ < 1, then, since x > 2 and < x' < 1/2, we have 

x{s)<x{t + l)<x{t) + ^<2-x{t). 

Hence (iii) holds. 

Finally, if z/ G N and t E {t^ — 1, + + 1), then |s — t| < 1 for some s G [t^, + ty\. 
Therefore, by the above, 

\ ■ X{t) < x{s) < x{s, + U)<2- x{tu) 

and 

X{t.)<x{s)<2-x{t). 
The property (iv) now follows. □ 

Proof of Proposition \6.1[ We may fix a nonempty relatively compact neighborhood VL of 
Y containing for z/ = 1, . . . , m. According to Proposition II. 1^ there exists a Hermitian 
metric g' > g on X such that g' = gonVL and x i— > dist gi (x, p) is an exhaustion function. 
If we find a 5 > which works for this metric g' and which satisfies 5 < dist g{Y,X\Q) < 
dist gr {Y, X then the ^-neighborhoods in coverings of liftings of subsets of Y will be 
the same for both metrics and hence this S will also work for the metric g. Thus we may 
assume without loss of generality that x ^ dist g{x,p) is an exhaustion function for each 
point p G X. 

We may first choose Sq > such that Sq < 1, Sq < dist g(Y,X \ Q), and, for each point 
p G Q, Bg{p,6o) is contained in some contractible open set. According to Lemma [1.3[ we 
may also choose 6q so that any two disjoint irreducible components of the lifting of y to a 
connected covering space are of distance > 6o with respect to the lifting of g. We may now 
choose a number 6 with < 5 < (5o/4, a covering Vi, . . . , of i7 by finitely many relatively 
compact connected open subsets of X each of which is of diameter < 6 and meets Q, and 
nonnegative C°° functions {ajj^^^ such that suppa^ C Vi for each i and = 1 on a 

neighborhood B of in X. 

Suppose now that t] > 0, E G M. with |s — t| > 4?7 for all s,t E E with s 7^ t, F C M 
with [0,00) C N^{F;ri), T: X X is a connected covering space, Z is an analytic 
subset of X which is equal to a union of irreducible components oi Y = T^^{Y) and 
which has only compact connected components, and g = T*g. Fixing a point O G X, 
Lemma 11.21 implies that the function r: a; ^— > dist^(a;,0) is an exhaustion function. In 
order to produce the function r, we may assume that the covering is infinite since, for a 
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finite covering, an exhaustion function wliicli is equal to a suitable constant on the lifting 
of Q will work. Let {Za}^^s distinct connected components of Z. Observe that 

Ng(Y;6o)cQ = T-\Q). 

By the choice of 60 and 6, each of the compact sets Vi is contained in a contractible open 
set and is therefore evenly covered by T. For each i, we let be the connected 

components of Vi = T~^(V^). The collection |v^^'^''| is locally finite in X and (again, by the 

choice of 60 and S) each set v}'^^ is of diameter < 6 (with respect to the metric dist §(■,■))• 
For each i = 1, . . . , k and each z/=l,2,3,...,we define the nonnegative C°° function a^'^^ 
with compact support in V^'^^ by 




if X G V}'"'^ 

if X G X \ V}"^ 



We have Yliu'^i''^ = 1 on the set = T^^(0). By Lemma [6.31 there exists a Lipschitz 
continuous function M — > M such that x > 2, < x' < 1/2, x(t) — > 00 as t — 00, 
x(s) < 2 • x{t) whenever s, t G M with |s — it| < 1, and 

^■X(t) <x[dist^(0,Z.)] <4-x(t) 

whenever cr G S" and dist g{0, Z^-) — 1 < t < diam g{Za-) + dist g{0, Z„) + 1. Finally, for 
each 0" G 5, let M„ be the set of pairs of indices {i, v) such that 1 < i < A;, z/ G N, 
and V^*-'^^ n N^{Zfj]6) 7^ 0. We also let M be the set of pairs of indices such that 

1 < i < A;, z/ G N, and vj;''^ n Ng{Z]6) = 0. Observe that the sets {M„} are mutually 
disjoint and disjoint from M. For, if V^^'^^ meets Ng{Z(^]6) and Ng{Zcr']6), then, since 
diam^ (v}'^^^ < 6 < Sq/A, we have dist g^Z^j, Z^i) < 5^. Hence Z^j fl Z^' 7^ and, therefore, 
(T = a'. 

We may now define a function a on X by 

« = E E «f^-x[dist^(0,Z.)]+ «!^^-x[dist^(0,y/'^))" . 

We note that the previous remarks imply that the above sum is locally finite. Moreover, 
each pair (i, z/) appears exactly once and we have a > 2 on G = T~^(0). We will show 
that the function (3 = log a on B has the following properties: 

dSUl) On the 5-neighborhood N^{Z; 6) C h = T~\n) of Z, (3 is locally constant; 
(16.11 2) The function (3 exhausts Vt; and 
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(16.11 3) There is a constant Rq > which is independent of the choice of the covering space 
X and of the analytic subset Z and for which the function (3 + Rq ■ p,y o T is C°° 
strictly plurisubharmonic on T^^{Di,) for u = 1, . . . ,m. 

For the property (16. Il l), we need only observe that, for each a G S*, we have a'f^ = 
on Ng{Z(j; 6) for each (i, z/) ^ M^. Thus, on N{Z^; 6), 



(j,i/)eA/<j 



dist g{0, Z^) 



X 



dist g{0, Z^) 



For fl6.1[ 2). we first observe that, for each index a & S, each pair (i, u) G M^-, and each 
point X G V^'^\ we have 

distg(0, Z^) -2(5 < r(x) = dist§(0,x) < diam§(Z<^) + dist§(0,Z^) +25. 

For each pair (z, z/) G M and each point x G V"/'^\ we have 

dist 3(0, y/")) < r{x) < dist g(0, r/")) + (5. 

Therefore, by the choice of we have ■ x(r) < a < 4 ■ x(r) on G. In particular, a and 
/? exhaust fi, so the property (16.11 2) holds. 

Given a point p G 0, we may choose a proper local holomorphic model ([/, $,t/'), a 
Hermitian metric g' on [/', C°° functions {a^j^^i on U', and a constant A > such that 
p G f/ C 6, = (7 on f/, and, for each i = 1, . . . ,k, = on f/, and Irfa^lg' < A 
and —A ■ g' < /^(a^) < A ■ on t/'. We may also assume that there is a constant B > 
such that, whenever U fl D^, 7^ 0, there is a C°° strictly plurisubharmonic function p'^, on 
t/' with = p'^ o $ on f/ and 5 • /:(p'J > {16kA + 256k^A^ + I) ■ g' on U'. 

For each point a E U = T^^{U), there is a finite set of pairs of indices (z, z^) such 
that a G V^^'^^ if and only if (i, z/) G A^. In particular, for distinct elements {i, u), (j, p) G A^, 
we have z 7^ j; so < A;. Thus, on some relatively compact neighborhood ly of a in 
^\(^..^^.rV}'''^ n f/, we have 



a 



o-e5 {i,i/)eNnMa 
Setting ^ = $ o T \w and 



x[dist g(0, 



(j,i^)eAfnAf 



dist 3 {0,Vi 



a' = Y^ a[- x[distg{0,Z^)] + ^ a', ■ x 

o-es (i,i/)eAfnA/<j (i,!/)eAfnM 



dist 3 0,K 



G c~(f/': 



we get \l/*a;' = 
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a and '^*g' = g o'o.W and, for each point z = '^{x) with x G W ^ we have 



z\g' 



9' 



o-eS {i,u)&NnMa {i,u)&NnM 

<E E l(rf«:).|,'-x[distg(0,Z.)] 

+ E l(^«O.I,'-x[dist^(o,v/'^))] 

{i,u)€NnM 

<E E l(^«0.l,-4-x(r(a:))+ \{da'^.\,> ■ ^ ■ x{r{x)) 

(res {i,u)eNnM„ {i,iy)eNnM 

< 4kA ■ x{r{x)). 

Similarly, for each point z = \E'(a;) with x G W and each tangent vector v G Ti^'°''f/', we 
have 

\C{a'){v,v)\ < AkA ■ \v\l, ■ x{r{x)). 

Setting P' = log a', we get P = P' o"^ on W and, for each point z = with x E W and 
each tangent vector v G Tz^'^^U', we get 

AkA-xHx)) , ,2 . (x(r(x)))2 , 



> -Pt^ ■ v t, 



9' (^,(^\\2 I I9' 



If I 



> - {iQkA + 2hQk'^A^) 

Hence, whenever U fl Dy 7^ 0, the function (3' + -Bp'^, will be strictly plurisubharmonic on a 
neighborhood of \E'(H^) in U' and will satisfy (3 + Bp^ oT = {(3' + Bp'J) o \[' on W . Covering 
Vt by finitely many such neighborhoods ?7, we see that we may choose a constant -Rq > 
so that the property (I6.1[ 3) holds for all covering spaces X and all choices of Z. 

We now modify j3 to get a function with values in F \ N^{E]ri) on Z. According to 
Lemma [6.21 for each cr G 5*, we may choose a number 60- G [0, Qif) such that 

= log (x [dist ^(O, Z,)]) +KeF\ N^{E; r]). 

We may then define a function 7 on X by the locally finite sum 

Easier versions of the previous arguments show that 7 = 60- on Njj{Z] 5) C for each a G S', 
and, for some constant -Ri > independent of the choice of the covering X, the analytic set 
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and the number t], the function 7 + Rirj ■ p^oT will be strictly plurisubharmonic on 
T~^{Dy) for z/ = 1, . . . , m. Setting R = max(i?0; Ri), it now follows that any positive C°° 
exhaustion function r on X which is equal to /5 + 7 on f2 has the required properties. □ 

7. The main result 

Theorem 10.11 is an immediate consequence of the following theorem which is proved in 
this section: 

Theorem 7.1. Let {X,g) be a connected reduced Hermitian complex space; let q he a 
positive integer; let Y he a compact analytic suhset of dimension < q; let C and S he 
analytic suhsets ofY such that C is a union of irreducihle components ofY, dim 5* < q, S 
contains Kjing O'S well as every irreducihle component ofY of dimension < q, and Y\{CVJS) 
is Stein; let {D^}^^^ he relatively compact open suhsets of X ; let he a C°° strictly 
plurisuhharmonic function on a neighhorhood of for each u = 1, . . . ,m; and let e > 0. 
Then, for every choice of constants 61, 62, S3, and 64 with e ^ ^4 ^ ^3 ^ ^2 3> 5i > 
(i.e. one must choose 64 sufficiently small relative to e, 63 sufficiently small relative to 
64, and so on), there exists a neighhorhood Q of Y in X such that, for every rj > 0, for 
every set E G W with \s — t\ > At] for all s,t G E with s ^ t, for every set F C M with 
[0,00) C N^{F;ri), for every connected covering space T: X — > X, for every union Z of 
irreducihle components ofY = T^^iY) which has only compact connected components and 
which contains C = T~^(C) as well as every q-dimensional compact irreducihle component 
of Y (i.e. Z contains every compact irreducihle component ofY not contained in S = 
T^^{S)), and for every positive continuous function 9 on X, there exists a positive C°° 
exhaustion function (p on X with the following properties relative to the Hermitian metric 
g = T*g, the sets ^ = T^^(f2) and D^, = T~^{D,y) for v = 1, . . . ,m, and the functions 
Pv = Pu°^ '■ Dy for V = 1, . . . , m.- 

(i) On N(Z; 5i) Oil, (f is locally constant with 

G = ip (iV(Z; 5i) nh^= ^{Z) C F \ NuiE; r]); 

(ii) On N{S; 63) nh, if is of class W^{g, q); 

(iii) On the set ^p e N{S; 63)0^1 ip{p) (p zs of class SP°°{g, q); 

(iv) For each v = 1, . . . , m, the function ^ — Pv is of class SV°°{g, q) on a neighhorhood 
ofN{S;63)nD,nh\N{Z;62); 

(v) For each u = 1, . . . ,m, the function if — p^j is C°° strongly q-convex on a neighhor- 
hood ofD^r]h\ \n{S; 62) U N{Z; 61) 
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(vi) Onn\ N{S; 64) U N{Z; 61) , ip > 6; 

(vii) On I p G r2 I ip{p) ^ , ip is C°° strongly q-convex; and 

(viii) On Vt, ip is of class VV°°(g). 

Proof. We may assume without loss of generality that N{Y; e) d U ■ ■ ■ U Dm- Applying 



Proposition 16. ![ we may also assume that, for some constant Rq > 1, for every ?7 > 0, for 
every set -E C M with |s — t| > 4// for all s,t E E with s t, for every set F C M with 
[0, 00) C Nk{F; rj), for every connected covering space T: X ^ X, and for every analytic 
set Z which is equal to a union of irreducible components of Y = T^^(y) and which has 
only compact connected components, there exists a positive exhaustion function r 
on X with the following properties: 

(17.11 1) The function t + Rq ■ {1 + rj) ■ p,^ o T is C°° strictly plurisubharmonic on T^^{D^) 
for u = 1, . . . ,m; and 

For g = T*g, r is locally constant on N^{Z] e) and r {N~g{Z; e)) C F \ Nr{E; t]). 

Note that, in the above, t{N{Z] e)) = t{Z) since r is constant on the connected neighbor- 
hood N{Z'; e) of each connected component Z' of Z and N{Z; e) is equal to the union of 
all such neighborhoods. 



According to Proposition \5.2\ if we choose constants Si, 62, S3, and ^4 with e ^ ^4 ^ 
S3 ^ 62 ^ Si > 0, then there exists a relatively compact neighborhood of F in N{Y; Si) 
such that, for every connected covering space T: X — > X, for every analytic set Z which is 
equal to a union of irreducible components of y = T^^{Y) and which contains C = T^^(C) 
as well as every g-dimensional compact irreducible component of Y, and for every positive 
continuous function 6 on X, there exists a nonnegative C°° function a on X with the 
following properties relative to the Hermitian metric g = T*g, the sets = T^^(i7), 
S = T^^(S'), and D,y = T[Dy) for z/ = 1, . . . , m, and the functions py = py oT : Dy ^ 
ioi V = 1, . . . ,m: 

(17113) On N{Z■Sl)f^Vl, a = Q- 

(17J14) On {n \ N{Z- S2)) U {n \ [iV(5; ^2) U N{Z- 5i)] ) , a > 0; 
(17^5) On N{S- S3) n fi, a is of class W^{g, q); 

(17^6) On the set | p G N{S; ^3) n | a{p) > |, a is of class SV°^{g, q); 
( 17.11 7) For each z/ = 1, . . . , m, the function a — is of class SV^{g, q) on a neighborhood 
oiN(S-S3)nDynh\N{Z-S2); 
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(17.11 8) For each u = 1, . . . ,m, the function a — is C°° strongly g-convex on a neighbor- 
hood ofD^nn \ \n{S; 62) U N{Z; 61)] ; 

(17119) On f2 \ \n{S; 64) U N{Z; 61)] , a > 6; and 
(I7.1[ 10) On I p G i7 I > |, a is C°° strongly g-convex. 

Suppose now that rj > 0, E G with \s — t\ > Arj for all s,t E E with s 7^ t, F C M with 
[0,00) C N^{F;ri), T: X X is a connected covering space, Z is a union of irreducible 
components of Y = T^^(Y) which has only compact connected components and which 
contains C = T^^(C) as well as every g-dimensional compact irreducible component of Y, 
and 6^ is a positive continuous function on X. Setting g = T*g, Q = T^^(n), S = T^^(S'), 
and D,y = T^^{D,y) and = o T : ^ M for = 1, . . . , m, we get on X a positive 
C°° exhaustion function r and a nonnegative C°° function a satisfying fl7.1[ l)- fl7.1[ 10). It 
is then easy to check that the positive C°° exhaustion function 

(f = T + Ro-{2 + ri)-a 
has the required properties (i)-(viii). □ 
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